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PLANAR DEFORMATION IN GEOMETRICALLY NONLINEAR ELASTICITY

V. D. Bondar’ UDC 539.3

We will consider planar deformation within the framework of Novozhilov’s variant of nonlinear elasticity. Equations
in stresses and strains will be derived, and their elliptical type established. It will be shown that in this variant, as in linear
elasticity, the characteristics of deformation are representable by two complex potentials, while the planar elasticity problem itself
reduces to a boundary problem for the potentials. However, in contrast to linear theory the representations referred t and the
boundary problem become nonlinear. The dynamic condition for which linear theory follows from nonlinear is stated. An
analytical solution is presented for one of the problems, and a general method developed for solution of the nonlinear boundary
problem.

1. In the study of many practical mechanical problems linear elasticity theory does not provide the needed accuracy,
so is replaced by nonlinear theory. Nonlinearity may be present in both the law describing mechanical bebavior of the material
(physical nonlinearity) and special features of the deformation (geometric nonlinearity). Among the latter cases is the nonlinear
theory of elasticity developed by V. V. Novozhilov [1]. In that theory it is assumed that rotations and extension-shear of material
elements are small in comparison to unity and that the former may significantly exceed the latter. Such a situation is realized
in a number of cases, in particular, deformation of flexible bodies: bars, plates, and shells. The assumptions made permit
simplification of the general nontinear representation of deformations in terms of extension-shears and rotations and use of a
special nonlinear formulation.

In Novozhilov’s variant of elasticity the static problem is described by equilibrium equations, Hook’s law, and a special
nonlinear relationship between deformations and rotations and extension-shears, representations of the latter in terms of
displacements, and boundary conditions specifying displacements on one portion I, of the deformed body surface and stresses
on another portion L
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Here \, p are elasticity coefficients, u, f, h, p, n are displacement, volume force density, boundary displacement, stress, and
external normal vectors; G, P, ¢, e, w, Vu, (Vu)* are the metric tensor and tensors describing stress, deformation, elongation-
shear, rotation, the gradient, and transposed gradient of displacement.

For planar deformation of a cylindrical body the planar fundamental problem is that in which Eq. (1.1) is satisfied in
a planar region S, while Eq. (1.2) is satisfied on that region’s boundary L. In Cartesian coordinates x, y for the deformed state
Egs. (1.1), (1.2) (for potential forces and energy V) have the form
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where L, L, are portions of the boundary L on which displacements and stresses, respectively, are specified; the Cartesian
components of the vectors and tensors are denoted by the same symbols as the quantities themselves, but with literal subscripts;
moreover, it is considered that the components of the normal are defined by the equation of the contour Lx = x(s), y = y(s)
(where s is an arc of L) by the expressions n, = dy/ds, n, = —dx/ds.

Planar deformation can also be described in the complex coordinates z = x + iy, Z = x — iy (considered as
independent variables), in which system (1.3), (1.4) becomes more compact. To do this we transform to differentiation with
respect to the complex variables using the expressions

0o _o,0 o _ . (2_2
o @m ooy T &

and make use, for example, of contravariant complex components of the vectors and tensors (denoted by the previous symbols,
now with numerical superscripts), which are related to the Cartesian components of the corresponding quantities by the usual
expressions for component transformation, having the forms
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In the final outcome Eqgs. (1.3), (1.4) in complex coordinates appear as
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2. Let certain displacements be specified on the boundary of the planar region (L, = L), so that it will be convenient
to solve the planar problem in displacements. The problem in displacements in Cartesian coordinates follows from Egs. (1.3),
(1.4), after elimination of the unknowns:
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Here w,y is defined in terms of displacements by Eq. (1.3); » = M(2(A + p)) is the Poisson coefficient. Quasilinear system (2.1)
is a generalization of the Lamé equations of linear elasticity.

To study the type of Eq. (2.1), we take x; = x, X, = y, W; = Uy, W, = u,, and, following [2], construct the
characteristic determinant
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According to Eqgs. (2.1), (2.3) the elements of the determinant and its magnitude have the form
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Since the Poisson coefficient varies within the interval 0 < » < 0.5, then A, > 0. Consequently, the characteristic equation
A, = 0 has no real roots. Thus, quasilinear system (2.1), like the Lamé linear elasticity system, is elliptical and boundary
problem (2.1), (2.2) is correct.

The problem in displacements in the complex variables can be obtained from Eqgs. (1.5), (1.6) in an analogous manner
and has the form
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Equation (2.4) allows complete integration. In fact, after integration over Z it reduces to an expression containing the
arbitrary function ¢’(z):
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Addition and subtraction of this expression to and from its complex conjugate yields the relationships
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defining the derivative du/dz in the form
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This equality can be represented as the inhomogeneous equation
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the general solution of which will be [3]
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where Y(z) is an arbitrary function and the quantity W for a piecewise-smooth contour L. and Helder function V is defined by
the expression [4]
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In the case of an infinite region the potential energy in Eq. (2.8) must have the property

Vv=0@U/|g]™h, B>0 as |g| > .

For arbitrary functions W there are valid expressions in which the integral is understood in the sense of the Cauchy main value

[4]:
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Equation (2.7) defines the displacement in terms of two analytical functions ¢(z) and y(z) — the complex potentiais.
Substitution of Eq. (2.7) in Eq. (1.5) leads to representations of other characteristics of the stress —deformed state in terms of
the potentials:
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while substitution in the condition on the contour, Eq. (2.5), yields a boundary problem for the potentials themselves:
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Thus, in the Novozhilov variant of nonlinear elasticity (as in linear theory) displacements, stresses, deformations,
elongation-shears, and rotations can be represented in terms of complex potentials defined by a boundary problem. Expressions
(2.7)-(2.12) are nonlinear in the potentials. Their structure is such that together with the nonlinear terms they also contain linear
terms coinciding with the corresponding expressions of Kolosov’s linear elasticity [S]; thus, the expressions constructed here
are a generalization of Kolosov’s equations.

From the form of boundary condition (2.12) we conclude that the terms generated by volume forces do not contain the
potentials, so that the presence of volume forces does pot change the type of the boundary problem.

3. We will assume that some stresses are specified on the entire boundary of the region (L, = L), and consider the
planar problem in stresses and rotations.
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Equation (1.5) for the stress and rotation components permits expressing the displacement gradients as

=2y 21 gﬁ g 1.1
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It can easily be seen that the consistency condition for this system yields an equation for consistency of stresses and rotations.
The latter together with equilibrium equation (1.5) forms a closed quasilinear system of two first order complex equations for
the complex and real stresses P!!, P2, and the purely imaginary rotation w?'; combination with the force boundary condition
equations (1.6) then yields a boundary problem for the stresses and rotation

ggj—l - ;;—7:_- [(1 - 2v) P + 2ue? (1 - i—w“)] =0, 3.2)
P _pn s =W (3.3)
System (3.2) is also fully integrable. In fact, elimination of the stress P'! leads to the expression
0—'); [P”‘ - kV + im“ (1 - %w"” =0,
which after integration takes on the form
P gy 4 Lo (1 -1 w“) = 49’ (), (3.4)

where ¢’(z), an arbitrary function, is the complex potential, and the parameters k and ¢ are defined by Eqgs. (2.6) and (2.10).
Separating the real and imaginary components in Eq. (3.4), we obtain

PRV — o (0 =2 D+ T D) ot =200 @) - T @]

o
which determine the real stress and the purely imaginary rotation as functions of the complex potential

Pl=2[p" () +9 @DI+2aly (2) -9 (DI +kV; 3.5
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With consideration of Eqs. (2.9) and (3.5) equilibrium equation (3.2) becomes an equation for the complex stress P!!:

;f: {P" + 229" (2) + 4ap” () (29" () — ¢ ()] — cWit =0

defining the latter after integration in the form

Pl =22 [z9" (2) + ¥’ (2)]1 — day” (2) (297 (@) = ¢ (2)] + cW5, 3.7

where y’(z) is an arbitrary function; the parameter ¢ and function W are defined by Egs. (2.6) and (2.8). Equations (3.5)«3.7)
coincide with Egs. (2.10) and (2.11) for stresses and rotation, obtained previously by another method.
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With consideration of Egs. (3.5) and (3.7) boundary condition (3.3) can be represented as

%{wur+wwn+ﬁ75—§wwAb+
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which after integration along the contour yields
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Thus, in solving the problem in stresses and rotations the planar elasticity problem also reduces to a nonlinear boundary
problem for complex potentials. This problem is analogous to Eq. (2.12) with specification of boundary displacements, and its
type is also independent of the presence of volume forces. The problem of Eq. (3.8) differs from the corresponding problem
of linear elasticity [4] only in the nonlinear terms.

Taking the stresses and rotation as defined by Egs. (3.5)~(3.7) we may consider Eq. (3.1) as equations for displacements.
The conditions for consistency of this system are satisfied by the first expression of Eq. (3.2), so that we can write the
differential displacements in the form

1~
Yndu = [——2—23 P2 4 o (1 -1 w“)] dz + 5 PUdz =

=d{wﬂﬂ-¢w%»—$@5—aua%a—Zw@ﬁ76$+f¢”uﬁh1+§uqaa}

Hence, by integration we establish that the displacement itself is given in terms of the potentials by

2uu = xp (2) — z¢’ (z)—{[?(Tzf+-%W(z, ;)—

~alzp? @ -20(2) 9 (2 + J ¢ (2) dz] + const, 3-9)

which differs from Eq. (2.7) only by an insignificant additive constant. Thus, if the potentials are defined by boundary stresses,
the displacements are also defined by them to the accuracy of translations of the body as a rigid whole.

One variant of the problem for rotation and stresses, Eqgs. (3.2), (3.3), is the problem of rotation and stress functions.
If we represent the stresses in terms of the real stress function U with the expressions

Fu ru
Pl=PP=—4—=, Pl=4-=+2, (3.10)

z

then the equilibrium equation is satisfied identically, while the remaining expressions yield the following boundary problem for
the stress functions and rotation:

(3.11)
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Here (Uz), is the value of the derivative at s = O, the parameters « and ¢ are defined by Eq. (2.6).

The problem of Eqgs. (3.11), (3.12) can also be reduced to a boundary problem for the complex potentials. In fact,
integration of Eq. (3.11) leads to equality of the expressions in square brackets of the arbitrary function 4¢’'(z), and after
separation of real and imaginary components yields

4 g:—ol% +cV ~ glz ((:)21)2 =209 @+ (2)], o = 4a o' (@) —¢' (2)1 (3.13)

The expression obtained for the rotation coincides with Eq. (2.11). With consideration of the expression for «?!, as well
as the well known [4] representation of the potential energy in terms of complex and real functions, W, K

V:%":z%, K=%js'fV(§,n)ln|§—z[d‘§dn 3.14)

the first equation of (3.13) becomes an equation for the stress function
4 ' T 7N azK ' T 71
2o==9 @+ @ -cztale (-9 @,

defining the latter in terms of the potentials ¢(z) and ¥(z) in the form

W=zp (D) +zp @+ S v (@ dz+ [ v (2)dz—cK(z,2) +
talzfe?@)dz+2f%” @) dz-2¢ (D9 D)

(3.15)

Thus, the stress function is defined in a nonlinear manner in terms of the complex potentials. Note that the portion of Eq. (3.15)
linear in the potentials coincides with the stress function expression of linear elasticity [6]. It can easily be seen that the stresses
of Eq. (3.10) defined by Eq. (3.15) coincide with the expressions of Eq. (2.10) for these quantities, while the boundary condition
(3.12) coincides with condition (3.8).

The generalized displacements, rotations, and elongation-shears of Egs. (2.7), (2.11) U* = uu*, 0% = pw*®, E*® =
1e®B like the stresses of Eq. (2.10), are defined by one and the same potentials, and are thus finite values. Let I, and P, be
characteristic length and stress, while ¢ = Py/u is the characteristic dimensionless stress. We will compare these quantities to
the corresponding dimensionless quantities, denoted by asterisks, using the expressions

U = LPoUs, W = LhPW.,
PP = pPE pt = Pops, V= PyV.,
U= GPU., K=EBPK., Q%= pQ*,
P = Popd, W =Py, z=lze, = lsa.

Then the relationships of the problem for stress functions and rotation, Eqs. (3.10)-(3.12) and the representations of the unknown
quantities in terms of the potentials of Egs. (3.13), (3.14) in dimensionless variables takes on the form

ru. Fu
11 __ - — d 12 _ . .
Pl=Pl= 4_,;2 L PE=do—s 42V,
o | du o o o\ |
% |:4 . +cV. + T (1 -3 Q.) =0, (3.16)
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Assuming that the dimensionless functions are finite in modulus, while the parameter ¢ is quite small in comparison to unity,
in Eq. (3.16) we can neglect terms containing this factor as being small in modulus as compared to other terms. In the final
outcome we obtain dimensionless expressions

o R dz
= =2 (E) + f (zp - VI) ds,
L 0

0

QP =2(l-v) (¢ -F) U=Re (E«p+fwdz-§1<),

coinciding with the known expressions of linear elasticity [35, 6].

From Egs. (2.7) and (2.11) we can also establish that in the expressions for the dimensionless quantities U,*, E.*%, and
0,%8 for very small ¢ it is also possible to neglect nonlinear terms containing the factor o, after which they take on the same
form as in linear elasticity. Thus, the results of linear theory follow from the results of the given nonlinear model for very small
g, i.e., for characteristic stresses very small in comparison to the elastic constant of the material.

We will assume that S is a singly connected finite (or infinite) region. We map it conformally onto the interior D (or
exterior D) of a unit circle with circumference v using the functions

z=w(L), w({)=0, T=rexp(i6) €D 3.17)

Then the complex potentials take the form

P =9(%), P@=9v(@)=9" L)/W(E)=PX), P'()=¢"(2)=P'(X)/ W),
Y@ =vL), Y@O=v()=v @)/ (@)=Y,

while the displacements of Eq. (2.7), stresses of Eq. (2.10), rotations and elongation-shears of Eq. (2.11) (in the absence of
volume forces) will be, respectively,

2 = %9 (B) ~ w (@) B Q) ~ F (D — & [w(5) & () -
=20 ()P (%) + [ D (L) 9’ (§) dt 1,
PH =P - s e () B () + (O + 268 (§) (D) ® Q) — 9 (W],
PP=2[0 (%) + B Q)]+ 2 (@) - D QR

po = 2(1 —v) [@(T) - @ (L)),
2uet = 2ue? = P, 2ue = (1 - 2v) P2 — ju (0™)/2.

(3.18)

In view of Eq. (3.17) the polar coordinates r, 8 of the plane { are orthogonal to the curvilinear coordinates in the plane
z. The physical components of the displacements and stresses in these coordinates are related to the complex potentials by the
expressions [4]

u, + lug = —>

RECACI (3.19)

107



WYES

P, — Py + 2iPy = P, + Py = P2,

For the mapping of Eq. (3.17) the boundary problems for the potentials for specification of boundary displacements
(2.12) or boundary stresses (3.8) take on the form of problems on the circumference of a unit circle:

xp (V) = w(D) @ (/W (D) = P (V) — aN (9 (), ¢ (1)) = ho (V)5

¢ () + WD P /WD + VD +aN (9 (1), 5D) =8 (1), (320
Here
-2
(—) ?
N (7T = w0 57~ 20 OFg o (3.21)

T = exp (i8) € y;

hy(7) and gy(7) are functions known on v, the constant appearing in the latter being arbitrarily fixed.

4, We will consider the problem of volume extension of an elastic plane with an orifice which has the shape of an ellipse
in the deformed state in the absence of stresses on the orifice contour, rotation at infinity, and volume forces.

Let a and b (@ > b) be the semiaxes of the ellipse. We use a Cartesian coordinate system coinciding with those axes,
directing the abscissa along the major axis. Then the equations of the ellipse (contour L) and the parameters n, m, characterizing
its dimensions and form, have the appearance

P/t + Y/ =1, 0<n=(a+b)/2<x,

@.1)
O<m=(a-b/(a+b) <L

In the limiting cases, at m = 0 the ellipse degenerates into a circle, and at m = 1, into a rectilinear slot.
We denote by Py > O the tensile stresses and consider that in accordance with the initial data V. = 0, W = 0, p, =
py = 0. Then the conditions on the periphery of the orifice (3.8) (for zero constant) and at infinity take on the form

£=0, g=0; 4.2)
PR=PrPy=P, P;=0, oy=0. 4.3)
The exterior of the ellipse is reflected conformally onto the exterior of a unit circle by means of the function
z=w@=n(G+m/T), w({E)=0, L=rexp(ib)€D 4.4
whence follow the expressions
x=n(r+m/rycos8, y=n(r— m/r)sin6; 4.5)

B/ (r+m/O) + Y/ (n(r—m/r)) =1,

x*/(2n Vm cos 8) — y*/(2n Vm sin 0)* = 1, (4.6)

indicating that r, ¢ are elliptical coordinates in the plane of deformation and that the boundary ellipse of Eq. (4.1) corresponds
to the ellipse r = 1.

With consideration of conditions (4.2), which in complex form appear as g, = 0, the second boundary condition for
the potentials of Eq. (3.20) becomes homogeneous:

@ Q) +w () D) + V(D +a w) P @) - 20 @) PO+
+ fd) (Z) ‘P’ (C) d.gllnl = 0. (47)
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We take the potential ¢({) in a form which generalizes its expression in the linear solution of this problem [4] and
contains two free real parameters A and B, so that Eq. (4.7) defines the other potential Y({), and finally

1 +aA

P =n 4+, \J,‘(7;)=—n[A oty

1 ~ 2uA

2_
+mB(1+aB)‘g+( £ +m(l—2aB)’g)A§ "

\’,2 -m

4.8)

2
1+ m (A - ms aviit 2, 1= vmg
a— (—_——_t.z - + = (4~ D5) In TE ol

In the absence of volume forces the potentials of Eq. (4.8) and the mapping function (4.4) correspond to the following
stress expressions of Eq. (3.18):

2 =2 2 - 2
P2 =2 (M‘, - mB + AL - ml}) + 2 (A§ -ml  AY - mB)

’Qz - m T,Z - 'Q2 - m Ez -m

= - = =
Pu=_2§ 2m (A - B)(tL - 1) C—mﬁ+2 m@A-B%-%) +
l‘,z - m[ (Ez - m)z g “ 14 (EZ -m)

4.9

LA (i:2+ _xz) —2(4+ B e [924 - ,_y;BEz)’
R -m) Loy - 1)

+2 A~ mBEz AEZ — mB + mEZ -1 (AEZ - mB) ? :l }

= = = —
7;2 -m §2 §2 - m

4

We arrange the arbitrariness of the parameters A and B to satisfy the conditions at infinity for the stresses of Eq. (4.3),
which in complex form appear as P.,!! = 0, P_,'? = 2P,. As a result we obtain the equations

a(A—-BP+A+B=0, 24=P,,
defining these parameters:

_ Py o L m1=VI=2( =¥ _ P
4= B =Py (2+ ol - v) )’ =N (4.10)

Equations (4.9), (4.10) yield two solutions for the problem. The solutions found remain in force for limited extensions,
for which ¢ < 1/2(1 — »)) (at 0 = 1/(2(1 — »)) they coincide with each other), and lose meaning at intense extensions for
which ¢ > 1/(2(1 — »)) and the parameters of Eq. (4.10) become complex. It will be shown below that the second solution does
not correspond to the original assumptions of the model considered and should be rejected.

The potentials of Eq. (4.8) in the absence of forces correspond to the following rotations and elongation-shears of Eq.
(3.18):

1=y m(A-B) (Ez - Cz)
® (‘(,2 - m) (Ez - m) ’

w21=2

ol AW+ By - m@a+ B &+ _l-ema- B (- B

u @ -m & -m 2?2 - e (@ - m)? ’
ol = [ 2n(A-B)EE-1) {—mﬁ_‘_l—vm(A—B)(t—?) +
B ?-m I (.?;-2 - m)2 g i T ('Ez - m) (4.11)

mA+BE +1) -2+ 1-v [(4-mBY
+ 32 o2 + 2 32, .32 +
We? (& ~ m) 2l |- 1)
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2 2 -m g2 2 —m

- - 2
+2 A= mBC2 A? - mB + m'g2 -1 (A? - m.B) :”

Here the parameters A and B are defined by Eq. (4.10). From this it is evident that w, 2! = 0, i.e., the condition for rotation
at infinity, Eq. (4.3), is not satisfied.

It is also evident from Eq. (4.11) that to realize the first initial assumption of the model [e*] < 1, |w*¥| < 1, we
must take

Al /w1, |B|/p<l. (4.12)

It follows from the first condition of Eq. (4.12) with consideration of Eq. (4.10) that the characteristic dimensionless stress must
be small in comparison to the unit quantity

|[Al/pn=0/2x 1, o=P/p <1 4.13)
Note that the Poisson coefficient » and the quantity 1/(2(1 — »)) for elastic materials vary over the ranges
0<v<0,5 05<1/2(1-v)<1,

so that the case of coinciding solutions in which ¢ = 1/(2(1 — »)) does not agree with Eq. (4.13) and must be rejected. In the
future we will consider only weak extension where according to Eq. (4.13), ¢ < 1. In this case the expression B%/u can be
linearized with respect to ¢ and written in the form

B* ) I g (1 < ~._l

T=5+Tt—‘—’(_l+‘”—20( —v))= ) 4.14)
B~ g 1 2 2
=l ST =) =~ 15 +30

It can easily be seen from Egs. (4.14), (4.13) that the second condition of Eq. (4.12) is satisfied in the first solution
but not in the second. Thus, both requirements of Eq. (4.12) for slight extension correspond only to the first solution, in which
we must take

o<1, A=Py2, B=-Py2. 4.15)

For the parameter values of Eq. (4.15) for the rotation and elongation-shears of Eq. (4.11) in the elliptical coordinates
of Egs. (4.5), (4.6) we obtain the expressions

2 4m (1 - v) 7 sin 20

™ = —lo
A =2t cos 20 + m?
2 (1-2v) (r‘ - mz) +o(l -9 nr* sin® 28
e‘=12c y 5 3 ,
r=2mrcos28 +m
2 -20 o
m ore 2m (r2 -1) 20 USSR e 2'9) 1-n? 4.16)
¢ =7 T g |l-me to 2 -0 ) +
re " —m|(rfe T = m) rfe 7 —m r'e -m
‘o - (1 + mle™¥? A - am e -+ (1 - m) PP

8 220 (mre 2 _ 1y 2,20 (rze-z‘e _ m)z .

From Eq. (4.16) with consideration of the relationship

4

A-m=@+mr+)@-D+1-m)

we can conclude that under the conditions
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r—1~0, l—-m=~g, 20=0;mxn; 2x; 3n

we have |e*¥] ~ |w?!|2, i.e., the other original assumption of the model will be satisfied. Thus, for slight extension of a plane
with prolate elliptical orifice there exists a region in the form of a band enclosing the ellipse periphery except for the endpoints
of the axes of symmetry, within which small rotations significantly exceed small elongation-shears. Thus, solution of the problem
within the framework of the nonlinear model considered is justified.

The physical components of the stresses in the elliptical coordinates P, Py, Py, are related to the complex components
by Egs. (3.19). If we substitute in them the reflection of Eq. (4.4), the complex stresses of Eq. (4.9), and parameters of Eq.
(4.15), then the solution of the problem corresponding to the original assumptions of the nonlinear model will be defined by the
expressions

P oap 2Py (F = m?) Po(1 — vy i (¢ - 2
00 = p o ~ a3 y
" (rzt:z'0 - m) (rze x_ m) (r2e2'0 - m)2 (r2e xw_ m)2
2 2 2 —4i®
2P 2m(rF -1 i 1-re
l)rr"Pw+2iP,e= zml)’ 2-(z‘e )2 l—mez‘°+om(l—-v)—2—_—m————
Fet—m (e T - m) re " —m
1 -l el = v |1+ mie™ ™ 2(1 + mP -210) P4 m @17
—_—— e O — — mre -y e—
2 —m 8rt 1 - mte® Ao m
728—'21.0 + m h
~2i0
+ (1= mPe™ (_) }
re -m
For the stresses P}, P!, Py' on the boundary ellipse r = 1 Eq. (4.17) yields the expressions
2 <2
2Pg (1 — m 4Pgm (1 — v) sin” 28
PL=pPy=0 Ph= o( ) ;=0 - on(l = V) - (4.18)
1 — 2mcos 26 + m (! — 2ntcos 28 + m”)

We will study the behavior of the stress P,,! on the boundary of the orifice. The extremal points are defined by the equation
dP,,'/d28 = 0, which is satisfied for one of the two conditions

sin 26 = 0, Cos 26 = vl/vz,
where

w=l-m—dms(l-v); =2m[l-m-o(l-v)(1+m)l
In the interval 0 < 20 < 4x these equations have the roots

26 = 0; n; 2x; 3=,
28 = *arccos vy /vy;  2: * arc cos v /vy,

of which the following are realized for |v,| > |v,|, i.e., for

u2>0, -y, < <N
or for

1<0, vyy<py <-v,.

These systems of inequalities, having been written with consideration of the expressions for v,, v,, when solved for the
quantity o(1 — »), agree with each other for

I - m2 1~ m2

o(l=v)<-—~—, a(l-v> e 4.19)

111



respectively. Since o(l1 — ») > 0, only the second of these is meaningful. Solving the latter for m with consideration of the
conditions m > 0 and ¢ < 1, in the approximation linear in ¢ we obtainm > 1 — o(1 — »). Standard analysis reveals that
the nonzero stress of Eq. (4.18) for one form of orifice

0O<m<1-o(l-v)
has extrema
at 20 = 0; 21t Pio = (Plo)max = 2Py i t:: >0,
= (4.20)

at 20 =m; 3n P = (Pl)ma = 2P, T%:E >0,

i.e., prolate elliptical orifices extend weakly and moderately. As in the linear solution of [4] the extensions are extremal at the
points of the ellipse lying on its axes of symmetry, with the maximum on the major semiaxis and the minimum on the minor.
In particular, it follows from Eq. (4.20) that upon degeneration of the ellipse into a circle (n = 0) the extrema coincide in
magnitude and are equal to double the stress at infinity.

For another orifice form

l-o(l=-v<m«<l
we obtain

1+m

at 20 = 0; 21 Pi = (Pho)max = 2P0 >0,

1-m
] -
at 26 = ; 3 Pio = (Plo)mas = 2P0 TT:T'I >0,
4.21)
at 20 = =+ arc cos il-; 2% * arc cos =
[55] v2

Pl = (Phuia = = s (5 = 1/m) (x = m),

where in view of the second inequality of Eq. (4.19)

T=2mo(l —=v)/(1-m)>1,1—m>0.

Hence, it is clear that

at 1<1l/m (Pée)min > 0’
at 1> 1/m (Pl)mn <0,
at t=1/m, 1t=m (Péo)min'-:o‘

Thus, on the contours of highly prolate elliptical orifices the properties of the limiting stress are more diverse. In this
case stress maxima occur at the ends of the axes of symmetry, with absolute maxima occurring on the major axis. In the vicinity
of these points the contour is in tension.

Stress minima identical in magnitude are reached at points occupying intermediate positions between the maximum
points. In the vicinities of these points, depending on the parameter values, the contour may be either in tension, a neutral state,
or compression. In particular, it is evident from Eq. (4.21) that upon degeneration of the ellipse into a rectilinear slot (m = 1)
the absolute stress maximum increases without limit, while the minimum decreases without limit, these extrema being realized
at one and the same points, the ends of the slot. Thus, the stress becomes undefined at the slot ends. The stress in the middle
of the slot will equal zero.

5. We will assume that volume forces are absent, that an elastic plane has an orifice of arbitrary form, and consider
the boundary problem for the potentials of Eq. (3.8) for stresses finite at infinity and having values of the general form at the
orifice boundary.
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Generally speaking, in a singly-connected finite region (not containing the origin of the reference system) the complex
potentials are not unique. However, the requirements of unambiguous stress and rotation values impose certain limitations on
them.

We denote by [x], the increment in the smooth function x(z, Z) upon positive traversal of the contour / containing the
orifice. It is known [6] that for a smooth function the relative order of the operation of calculating the increment along a closed
contour can be transposed with that of differentiation:

== [%J = il = [%] 5.1)

When volume forces are absent (V = 0) the conditions for nonambiguity of the stresses and rotation of Egs. (3.4) and
(3.7) have the form

1 1 21 - ' .
0= |:Pu+'2—a‘u)21 (l ""'4"‘-1) )]I‘— 4 [‘P (Z)]“ (5.2)

0=[P'L==2[2"@+ V' (2) + 209" (2) (29" () ~ ¢ (D) L. (5.3)
From Egs. (5.2) and (5.1) it follows that
[’ Dh=0, [9°(2)]= 0. (5.4)

Then a consequence of Eqs. (5.3), (5.4) will be the relationship

W' (D1 - 229" (2) [¢ ()] = 0,
which defines the function increments in the form
lp(DL=0, [v(2))=0. (5.5

With consideration of Eqgs. (5.4), (5.5) the complex potentials can be represented in terms of functions well-defined in an infinite
region ¢° and ¥":

p(@)=%"(2), (@ =Blnz+y" (z), B-=const 5.6

Expanding these functions in Loran series, we find that finiteness of the stresses and rotation of Eqs. (3.4), (3.7) in the
infinite region requires that the potentials of Eq. (5.6) have the form

P =az+ ¢u(2), Y(2)=Blnz+ bz+ Y. (2),

© o © n 5.
Pa (2) = E Az’ Ya(2) = 2 5,277 G
0 0
where the coefficients @, and b, are defined by the conditions at infinity as follows:
a=slpry Ll Lz b= — L p2 (5.8
L= T g @ g Waip AT T3l '

The coefficient B can also be expressed in terms of a mechanical quantity, For this purpose we will consider the arc A7A located
in the region S and assume that at each point thereon the stress vector is defined. Then in accord with Eq. (3.3) the components
of the main vector and main moment of the forces distributed along the arc are defined by the expressions
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d
F=Fx+iFy=f(px+ipy)ds=fpds f(“ - pH )ds,
0 0

0

M= M, =] <xpy - yp,,) ds = Re —lj_z'pds =
0

Using the stress expressions of Eqgs. (3.5) and (3.7) in the absence of volume forces we find the integrands

L (l & ;,C) @ OrTO+
+a (%7 @) -2 (9@ + [ 97 (2) dzl,
Re {; (P” Z‘ pi ‘{-)} = Re ;—’S {729 (2) + 29 (2) -
—Jv@dz+a(Ze? () -2 D¢ (D) + 9 (DF @}

and consequently, the components of the main vector and main moment of contour forces are defined by the potentials with the
expressions

IF=¢p(@)+z2p O +9 (@) +alzp? @ ~29(@@) 9 (2)+
+ [ ¢ (2) dz] | ¢ + const,
M= —Relzzp' () + 29 () = [ ¢ (2) dz + (5.9
+ a (229 (2) — 229 () p' (2) + ¢ (2)¢ (@)} + const.

Applying the first expression of Eq. (5.9) to the closed contour L, traversed in the positive direction (i.e., clockwise),
and using the expressions which follow from Eq. (5.7)

v ()1l =2miB,  [fe? (2 dz], =0,

we find that the constant B can be expressed as

B =F/2m. (5.10)
The potentials of Eq. (5.7) correspond to the following displacements of Eq. (3.9):
2uu = R ((xa, — ay) € — Bie™) = BlnR + xa, + iBo + O (1/R), z=Ré".

Here by O(1/R) we denote terms which are of order 1/R outside L. Hence it is evident that, generally speaking, for finite
stresses and rotations the displacements increase without limit at infinity. In order that they remain finite, the conditions

a=0, =0, B=0. (5.11)

must be observed. In light of Eq. (5.8) the first two of these require that stresses and rotation disappear at infinity, while in view
of Eq. (5.10) the last expression requires that the main vector of the contour forces vanish. In the case of Eq. (5.11) the

potentials of Eq. (5.7) are holomorphic in the infinite region of the functions, and at infinity the displacement takes on a value
defined by the coefficient a,:
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¢ (z) = P (Z) = g a_,.z_", y (Z) = Pe (Z) = 2 b_,,Z-", 2”’“” = %do. (5.12)

Thus, for stresses, rotations, and displacements finite within an infinite region the potentials are well-defined, have the
form of Eq. (5.12), and are defined in terms of boundary condition (3.8), where we must take V = 0, W = 0, const = 0.

If for finite stresses and rotations infinite displacements at infinity are admissible, then the potentials are unambiguous
and defined by Eq. (5.7). In this case we can consider the boundary problem for the unique potentials ¢. and y., which follows
from the problem of Eq. (3.8) and is of the same type:

Avpa (2) + Aszp’ (2) + Ps (2) + AN (P, Px)|L = &= (5).

Here

Av=142a(a - a); N(@x, Ps) = 294(2) = 204 (2) 95 () + [ 932(2) dz;
g (s)=g(s)~ [m+a+a(a-a)lz(s)—Blnz(s)— bz (s);

g. is a known function well-defined on L; therefore in the future we will limit our examination to the problem of Eq. (3.8).
The infinite singly-connected region can be conformally mapped onto a unit circle D (with circumference ) by the
function [4]

2= w(§)=§+ wo (T), T E D,

where ¢ is a constant and w, is a function holomorphic on the circle. Then the potentials of Eq. (5.7) are defined by the
equalities

PO =F+90(), ¥ =-BInt+E+ w(®)

[eo($), ¥o($) are functions holomorphic within the circle], the stresses and rotation are defined by Eq. (3.18), and given Eq.
(5.11), the boundary condition for the potentials is defined by the second expression of Eq. (3.20).

We will use condition (3.20) to seek the potentials ¢({) and ¥({), which together with their derivatives are continuous
in the closed region and satisfy the condition Y(0) = 0 (without affecting the form of the stresses and rotations). We multiply
condition (3.20) itself and the equation complex conjugate thereto by 1/2xi(r — {)) and integrating each along the contour y
by using the properties of a holomorphic function

_l_- v (1) dt v (%), = f—(_jdt ( 5,

2ni T~
] v

we obtain expressions for the potentials in terms of the boundary values of one of them and its derivative:

1 [emds ’Ztiw(‘)d’1 o [N@d,
‘p(g)-—Zntf -0 _ETTI [ =%
1 'Y(w @OVEHd YZW () o
LI b ICLLR Y i AORIOEL LAOL LN
‘P(E)-z,[if b Zm'fw’(t) - 2mf -t ? 0
" v ¥

[N(7) is defined by Eq. (3.21)]. The first relationship of Eq. (5.13), written in the form

P g (8), o) =T (p (T) + R (p (V) =

where
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M (p (5) = ¢ () + = K (5 1) 37D dv — A (%),

2ni %
Y
! 0] LT O @ -e® ¢’
R(@(C)):EfK(g,T)de—n—l m t't dT'*‘fw,(t)dC,
¥ Y

1 wp (V) — wp (t) 1
K (g, 7) :;——7—5;“0—175—‘, A(C)=5;{

g () dt
-7’

T

after direction of { to a point o on the boundary circle, leads to a nonlinear functional equation for the unknown function ¢(o)
which contains the parameter o as a factor before the nonlinear terms:

P (i (9), @) =TI (¢ (0)) + aR (¢ (0)) = 0 (5.14)

[II(¢) is the linear elasticity operator].
We will apply the modified Newton’s method of [7] to Eq. (5.14), seeking the solution in the form of a series

Pr+l = Py — [n’((PO) ]—l (P ((Pn)) (n = 07 11 "')) (515)

in which for the zeroeth approximation we take the solution ¢, of the linear problem Il(¢y) = 0. The process of Eq. (5.15) has
the advantage that it makes use of an inverse operator corresponding to the zeroeth approximation. For convergence of the
sequence of Eq. (5.15) it is required that the parameter not exceed some number defined by the form of the operators contained
in the equations.
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